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It is emphasized that equivalent definitions of connections on modules over a commu- 
tative ring are not so in noncommutative geometry. 



1 Introduction 

The jet modules 3 k (P) of a module P over a commutative ring A are well-known 
to be a representative object of linear differential operator on P Jl|. Furthermore, 
a connection on a module A is defined to be a splitting of the exact sequence 

o _>£)i a __>o, (l) 

where D 1 is the module of differentials of A. In the case of structure modules of 
smooth vector bundles, these notions of jets and connections coincide with those in 
differential geometry of fibre bundles where connections on a fibre bundle Y — > X 
are sections of the affrne jet bundle J l Y — > Y [Q. In general, the notion of jets 
of modules fails to be extended to modules over a noncommutative ring A since it 
implies a certain commutativity property of a differential calculus O* over A. In 
relation to this circumstance, we match different definitions of connections which 
being equivalent for modules over a commutative ring are not so in noncommutative 
geometry. 
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2 Modules in noncommutative geometry 

Let A be an associative unital algebra over a commutative ring /C, i.e., a A is a 
/C-ring. One considers right [left] ^4-modules and ^4-bimodules (or A — ^4-bimodules 
in the terminology of 0). A bimodule P over an algebra A is called a central 
bimodule if 

pa = ap, Vp E P, Va G Z(A), (2) 

where Z(A) is the centre of the algebra A. By a centre of a ,4-bimodile P is called 
a /C-submodule 2(-P) of P such that 

pa=ap, VpGZ(P), VaeA 

If ^4 is a commutative algebra, every right [left] module P over A becomes canoni- 
cally a central bimodule by putting 

pa = ap, Vp G P, Va G A 

If .4 is a noncommutative algebra, every right [left] ^4-module P is also a 2(-4) — ^4- 
bimodule [A — 2(^4)-bimodule] such that the equality (Q) takes place, i.e., it is 
a central ^(^4)-bimodule. From now on, by a 2(^4)-bimodule is meant a central 
2(^4)-bimodule. For the sake of brevity, we say that, given an associative algebra A, 
right and left ^4-modules, central .4-bimodules and Z(^4)-modules are A-modules 
of type (1,0), (0,1), (1,1) and (0,0), respectively, where A = Z(A) and A\ = A. 
Using this notation, let us recall a few basic operations with modules. 

• If P and P' are A- modules of the same type (i, j), so is its direct sum P © P' '. 

• Let P and P' be A-modules of types {i, k) and (k,j), respectively. Their tensor 
product P <S> P' (see 0) defines an A-module of type {i, j). 

• Given an A-module P of type let P* = Hom^-A^-P, A) be its A- 
dual. One can show that P* is the module of type (i + 1, j + l)mod2 In 
particular, P and P** are A-modules of the same type. There is the natural 
homomorphism P — > P**. For instance, if P is a projective module of finite 
rank, so is its dual P* and P — > P** is an isomorphism ||. 
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There are several equivalent definitions of a projective module. One says that 
a right [left] module P is projective if P is a direct summand of a right [left] free 
module, i.e., there exists a module Q such that P © Q is a free module ||. Ac- 
cordingly, a module P is projective if and only if P = pS where S is a free module 
and p is an idempotent, i.e., an endomorphism of S such that p 2 = p. We will 
refer to projective C°°(X)-modules of finite rank in connection with the Serre-Swan 
theorem below. Recall that a module is said to be of finite rank or simply finite if 
it is a quotient of a finitely generated free module. 

Noncommutative geometry deals with unital complex involutive algebras (i.e., 
unital *-algebras) as a rule. Let A be such an algebra (see ||). It should be 
emphasized that one cannot use right or left ^.-modules, but only modules of type 
(1,1) and (0,0) since the involution of A reverses the order of product in A. A 
central ^4-bimodule P over A is said to be a *-module over a *-algebra A if it is 
equipped with an antilinear involution p ^ p* such that 

(apb)* = b*p*a*, Va, b e A, p G P. 

A *-module is said to be a finite projective module if it is a finite projective right 
[left] module. 

As well-known, noncommutative geometry is developed in main as a generaliza- 
tion of the calculus in commutative rings of smooth functions. Let A be a locally 
compact topological space and A a *-algebra C{}(A) of complex continuous functions 
on A which vanish at infinity of A. Provided with the norm 

11/11 = sup |/|, feA, 

this algebra is a C*-algebra ||. Its spectrum A is homeomorphic to X. Con- 
versely, any commutative C*-algebra A has a locally compact spectrum A and, in 
accordance with the well-known Gelfand-Naimark theorem, it is isomorphic to the 
algebra C{j(w4) of complex continuous functions on A which vanish at infinity of A 
||. If A is a unital commutative C*-algebra, its spectrum A is compact. Let now 
A be a compact manifold. The *-algebra C°°(A) of smooth complex functions on 
A is a dense subalgebra of the unital C*-algebra C°(A) of continuous functions on 
A. This is not a C*-algebra, but it is a Frechet algebra in its natural locally convex 
topology of compact convergence for all derivatives. In noncommutative geometry, 
one does not use the theory of locally convex algebras (see 0), but considers dense 
unital subalgebras of C*-algebras in a purely algebraic fashion. 
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Let E — > X be a smooth m- dimensional complex vector bundle over a compact 
manifold X. The module E(X) of its global sections is a *-module over the ring 
C°°(X) of smooth complex functions on X. It is a projective module of finite rank. 
Indeed, let (</>i, . . . , <f> q ) be a smooth partition of unity such that E is trivial over the 
sets D supp0£, together with the transition functions p^. Then p^ = (fi^p^cj)^ 
are smooth (m x m)-matrix-valued functions on X. They satisfy 

X>C*?V=PC£> ( 3 ) 

and so assemble into a (mq x mg)-matrix p whose entries are smooth complex 
functions on X. Because of @, we obtain p 2 = p. Then any section s of E —>■ X 
is represented by a column (4>^s l ) of smooth complex functions on X such that 
ps = s. It follows that s G pC(X) mq , i.e., E(X) is a projective module. The above 
mentioned Serre-Swan theorem [^, || provides a converse assertion. 

Theorem 1. Let P be a finite projective *-module over C°°(X). There exists a 
complex smooth vector bundle E over X such that P is isomorphic to the module 
E(X) of global sections of E. □ 

In noncommutative geometry, one therefore thinks of a finite projective *-module 
over a dense unital *-subalgebra of a C*-algebra as being a noncommutative vector 
bundle. 



3 Commutative differential calculus 

Let us summarize some basic facts on the differential calculus in modules over a 
commutative /C-ring A §]. 

Let P and Q be left ^4-modules. Right modules are studied in a similar way. 
The set Hohik;(P, Q) of /C-module homomorphisms of P into Q is endowed with the 
A — ^.-bimodule structure by the left and right multiplications 

(a<j))(p) = a(j)(p), (4>* a)(p) = <j>(ap), a E A, p £ P. (4) 

However, this is not a central ^4-bimodule because a<ft ^ <p * a m general. Let us 
denote 

5 a (f) — acf) — (f> ~k a. (5) 
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Definition 2. An element A G rlom^P, Q) is called an s-order linear differential 
operator from the ^.-module P to the ^.-module Q if 

5 ao o..-oS as A = 

for arbitrary collections of s+1 elements of A. It is also called a Q- valued differential 
operator on P. □ 

In particular, a first order linear differential operator A obeys the condition 

5 a o 5 b A)(p) = A(abp) - aA(bp) - bA(ap) + abA(p) = (6) 

for all p e P, b,c e A. 

A first order differential operator d from A to an ^4-module Q is called the 
Q-valued derivation of the algebra A if it obeys the Leibniz rule 

d(aa') = ad(a') + a'd(a), Vo, a' E A. (7) 

This is a particular condition (f|). 

Turn now to the modules of jets. Given an ^4-module P, let us consider the 
tensor product A <8> P of /C-modules provided with the left ^4-module structure 

K 

b( a ® p) d = (ba) ® p, V6 G A (8) 
For any 6 G ^4, we introduce the left ^4-module morphism 

5 b (a®p) = (ba)®p- a® (bp). (9) 
Let u fc+1 be the submodule of the left ^4-module A® P generated by all elements of 

K 

the type 

5 bo o ■ ■ -o5 bk (l®p). 

Definition 3. The fc-order jet module of the ^4-module P is defined to be 
the quotient Z k (P) of A ® P by fi k+1 . It is a left A- module with respect to the 
multiplication 

b(a®pmod/2 k+1 ) =ba®p mod fi k+1 . (10) 

□ 



5 



Besides the left ^4-module structure induced by (j|), the /c-order jet module Z k (P) 
also admits the left ^.-module structure given by the multiplication 

b-k (a <g>pmod// +1 ) = a <g> (bp) mod// +1 . (11) 

It is called the *-left module structure. There is the *-left ^4-module homomorphism 

J k :P^Z k (P), J k p= l<g>pmod/? +1 , (12) 

such that Z k (P) as a left ^4- module is generated by the elements J k p, p G P. It is 
readily observed that the homomorphism Z k (|12|) is a fc-order differential operator 
(compare the relation @ and the relation ( |T3"D below). 

Remark 1. If P is a ^4 — ^4-bimodule, the tensor product A®P is also provided 
with the right .A- module structure 

(a ®p)6 d =a <g>p&, V6 G A, 
and so is the jet module 3 k (P): 

(a®pmod/i fc+1 )i = a (g> (p&) mod// +1 . 
If P is a central bimodule, i.e., 

ap = pa, Va G A, p G P, 

the ★-left A-module structure (|IID is equivalent to the right A-module structure 
(0)- • 

The jet modules possess the properties similar to those of jet manifolds. In 
particular, since /i r C r > s, there is the the inverse system of epimorphisms 

r(p) ^r^(p) — ^p 

Given the repeated jet module 3 s (3 fc (P)), there exists the monomorphism 3 s+fc (P) — ► 
3 s (3 fe (P)). 

In particular, the first order jet module 3 X (P) consists of elements a^pmod/i 2 , 
i.e., elements a £g> p modulo the relations 

5 a o5 b {l®p)= (13) 
(8 a ° W 1 )^) = 1 ® («&p) — a <8) (ftp) — 6 ® (ap) + afe (g> p = 0. 
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The morphism 7Tq : ^(P) — > P reads 

vTq : a® p mod fi 2 — > ap. (14) 

Theorem 4. For any differential operator A G Diff s (P, Q) there is a unique 
homomorphism f A : 3 s (P) — > Q such that the diagram 

P ^T(P) 
A\/f A 

is commutative. □ 

Proof. The proof is based on the following fact Let h G Horn ^(A <S> P, Q) and 

a: P 3 p ^ a®p e A® P, 

then 

5 b (hoa)(p) = h(6 b (a®p)). 

QED 

The correspondence Ah( a defines the isomorphism 

Hom^r (P), Q) = Diff S (P, Q), (15) 

which shows that the jet module Z s (P) is the representative object of the functor 
Q->Diff,(P,Q). 

Let us consider the particular jet modules 3 s (A) of the algebra A, denoted simply 
by 3 s . The module 3 s can be provided with the structure of a commutative algebra 
with respect to the multiplication 

{aJ s b) ■ (a'J s b) = aa'Pibb'). 

For instance, the algebra Z l consists of the elements a ® b modulo the relations 

a<g)b + b<g)a = ab<g)l + l<g)ab. (16) 

It has the left ^4-module structure 

c((a <g> b) mod /i 2 ) = (ca) ® b mod /z 2 (17) 



(|I0|) and the *-left ^4-module structure 

c-k ((a® b) mod /i 2 ) = a ® (cb) mod /i 2 (It 



Q) which coincides with the right ^.-module structure (0). We have the canonical 



monomorphism of left ^4-modules 

i\ : A — > 3 , zi : a i— > a ® 1 mod/i 2 , (19) 

and the corresponding projection 

3 1 -> 37 Im *i = (Ker^mod/i 2 = O 1 , (20) 
a (g 6 mod /i 2 — > (a (g 6 — ab ® 1) mod /i 2 . 

The quotient D 1 ( P0| ) consists of the elements 

(a (g b — ab ® 1) mod /z 2 , Va, 6 e A. 

It is provided both with the central *4-bimodule structure 

c((a ® b — ab ® 1) mod /x 2 ) = (ca (g 6 — ca6 ® 1) mod /z 2 , (21) 
((1® ab — b® a) mod /z 2 )c = (1 <g a&c — b ® ac) mod /x 2 (22) 

and the *-left ^4-module structure 

c* ((a (g) b - ab ® 1) mod/i 2 ) = (a <g c& - ac6 <g 1) mod// 2 . (23) 



It is readily observed that the projection ( [Z0"D is both the left and ★-left module 
morphisms. Then we have the *-left module morphism 

d 1 :A J -^3 l (24) 
d 1 : b -> 1 (g) 6mod/i 2 ->• (1 (g) 6 - 6 <g 1) mod/x 2 , 

such that the central ^4-bimodule D 1 is generated by the elements <i 1 (6), b E A, in 
accordance with the law 

ad l b = (a <g) b - ab <g 1) mod /x 2 = (1 <g aft) - b <g> a) mod /i 2 = (d^a. (25) 

Proposition 5. The morphism d 1 (23) is a derivation from ^4 to D 1 seen both as 
a left ^4-module and ^4-bimodule. □ 
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Proof. Using the relations (|IED, one obtains in an explicit form that 

d x (foa) = (1 ® ba — ba ® 1) mod /j 2 = 

(fo<g>a + a<g>fo-foa<g>l-afo<g>l) mod /i 2 = 6<i 1 a + ad x b. (26) 

This is a D 1 - valued first order differential operator. At the same time, 

d l {ba) = (l®ba-ba®l + b®a-b®a) mod /i 2 = {d}b)a + fod x a. 

QED 

With the derivation d 1 (|24]) , we get the left and *-left module splitting 

3 1 = A® O 1 , (27) 
aZ x (cb) = aii(cb) + ad l (cb). (28) 

Accordingly, there is the exact sequence 

O^Q^tf^A^O (29) 

which is split by the monomorphism (|H)|). 

Proposition 6. There is the isomorphism 

Z 1 (P)=Z 1 ®P, (30) 



where by <8> P is meant the tensor product of the right (*-left) ^4-module 3 1 ( F"§1 ) 
and the left ^4-module P, i.e., 

[a (g> 6 mod fj 2 } <E> p = [a <g> 1 mod /i 2 ] Cg> fop. 

□ 

Proof. The isomorphism fl30| ) is given by the assignment 

(a (g) fop) mod /x 2 <-> [a <8> fo mod fj 2 ] p. (31) 

QED 



The isomorphism ( pT|) leads to the isomorphism 

3 x (p) = (^©iD 1 )®^ 

(a (g) fop) mod /x 2 <-> [(afo + ac? 1 (fo)) mod /x 2 ] Cg> p, 



and to the splitting of left and *-left ^4-modules 

Z\P) = {A®P)®(D 1 ®P), (32) 

Applying the projection 7Tq ( |T^[ ) to the splitting (]3"2]), we obtain the exact sequence 
of left and *-left ^4-modules ([!]) 

— > [(a ® ft — aft <g> 1) mod /i 2 ] <g> p — > [(c ® 1 + a ® 6 - a6 ® 1) mod /i 2 ] ® p 
= (c ® p + a ®bp — ab ® p) mod /x 2 — ► cp, 

similar to the exact sequence (p9"l). This exact sequence has the canonical splitting 
by the *-left ^4-module morphism 

P 3 ap a ® p + d 1 (a) p. 

However, the exact sequence (ffj) needs not be split by a left ^4-module morphism. 
Its splitting by a left ^4-module morphism (see (^Dj) below) implies a connection. 
On can treat the canonical splitting (|1|) of the exact sequence ( |29"1) as being the 
canonical connection on the algebra A. 

In the case of 3 s , the isomorphism ([15]) takes the form 

Horner, Q) =BiS S {A,Q). (33) 

Then Theorem ^ and Proposition [| lead to the isomorphism 

Rom A (D\Q) = d(A,Q). (34) 

In other words, any Q-valued derivation of A is represented by the composition 
hod 1 , h G Hom^D 1 , Q), due to the property 6^(1) = 0. 

For instance, if Q = A, the isomorphism (134]) reduces to the duality relation 



Rom A (D\A) =d(A), (35) 
u(a) = u(d}a), a E A, 

i.e., the module dA coincides with the left .4,-dual D 1 * of O 1 . 

Let us define the modules D k as the skew tensor products of the /C-modules O 1 . 

Proposition 7. [p]]. There are the isomorphisms 

Horn .4 (D fc ,Q) = d k (A,Q), (36) 
Rom A (3\Q k ),Q) = d k (Dift 1 (Q)). (37) 
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□ 

The isomorphism (|36|) is the higher order extension of the isomorphism ([34]). 
It shows that the module O k is a representative object of the derivation functor 
Q^%(A,Q). 

The isomorphism ( |3~?D implies the homomorphism 

and defines the operators of exterior differentiation 

d k = h k o J 1 : D^ 1 -> (38) 
These operators constitute the De Rham complex 

— > A D 1 ■ ■ ■ D fc ■ • • . (39) 

4 Connections on commutative modules 

There are several equivalent definition of connections on modules over a commutative 
ring. 

Definition 8. By a connection on a ^4-module P is called a left ^4-module mor- 
phism 

T:P^Z\P), (40) 
T(ap)=aT(p), (41) 

which splits the exact sequence (p]). □ 
This splitting reads 

J 1 p = T(p) + \7 T (p), (42) 
where V r is the complementary morphism 

V r : P -> D 1 ® P, (43) 
V r (p) = 1 (g) pmod /x 2 — r(p). 

This complementary morphism makes the sense of a covariant differential on the 
module P, but we will follow the tradition to use the terms "covariant differential" 
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and "connection" on modules synonymously. With the relation ([£!]), we find that 
V r obeys the Leibniz rule 

V r (ap) = da ® p + a V r (p) . (44) 



Definition 9. By a connection on a .A-module P is meant any morphism V ( [43D 
which obeys the Leibniz rule (f4"4"D, i.e., V is a (D 1 ® P)-valued first order differential 
operator on P. □ 

In view of Definition @ and of the isomorphism (^), it is more convenient to 
rewrite the exact sequence ([![) into the form 

-> D 1 ® P -> (^©D 1 ) ® P -> P -> 0. (45) 

Then a connection V on P can be defined as a left ^4-module splitting of this exact 
sequence. 

In the case of the ring C°°(X) and a locally free C°°(X)-module S of finite rank, 
there exist the isomorphisms 

0\X) = Hom Coo(x) (0(C 00 (X)),C 00 (X)), (46) 
Komc<*>m(X>(C°°(X)),S) = D\X) ® 5. 

With these isomorphisms, we come to other equivalent definitions of a connection 
on modules. 

Definition 10. Any morphism 

V:S^Hom c » w (3(C^(X)),5) (47) 
satisfying the Leibniz rule ([0]) is called a connection on a C°°pf)-module S. □ 

Definition 11. By a connection on a C 00 (X)-module 5 is meant a C°°(X)-module 
morphism 

*>(C°°P0) 3r^V T e Di&^S, S) (48) 
such that the first order differential operators V r obey the rule 

V T (fs) = (r\df)s + fV T s. (49) 
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□ 

If a S is a commutative C°°(X)-ring, Definition [TT] can be modified as follows. 



Definition 12. By a connection on C°°(X)-ring S is meant any C°°(X)-module 
morphism 

*(C°°(X)) 9thV t GD5 (50) 

which is a connection on 5 as a C°°(X)-module, i.e., obeys the Leinbniz rule ((49[). 
□ 

Two such connections V T and differ from each other in a derivation of the 
ring S which vanishes on C°°(X) C S. 



5 Noncommutative differential calculus 

One believes that a noncommutative generalization of differential geometry should 
be given by a Z-graded differential algebra which replaces the exterior algebra of 
differential forms fHj. This viewpoint is more general than that implicit above 
where a noncommutative ring replaces a ring of smooth functions. 

Recall that a graded algebra Q* over a commutative ring /C is defined as a direct 
sum 

Q* = © Q k 

k=0 

of /C-modules fl h , provided with the associative multiplication law such that a ■ (3 G 
f^H+l/3| ; where \a\ denotes the degree of an element a G In particular, QP is a 
unital /C-algebra A, while fl k>0 are ^4-bimodules. A graded algebra fl* is called a 
graded differential algebra if it is a cochain complex of /C-modules 

o ^a 

with respect to a coboundary operator 5 such that 
5(a-/3) =5a- (3 + (-l) lal a-5f3. 
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A graded differential algebra (fl*, 5) with Q° = A is called the differential calculus 
over A. If A is a *-algebra, we have additional conditions 

(a-py = (-i) H|/3| /r«*, 

(fe)* = S(a*). 

Remark 2. The De Rham complex ( j39|) exemplifies a differential calculus over a 
commutative ring. To generalize it to a noncommutative ring A, the coboundary 
operator 5 should have the additional properties: 

are central *4-bimodules, 

• elements 5ai ■ ■ ■ 5a k , ai G Z(A), belong to the centre Z(Q k ) of the module Q k . 
Then, if A is a commutative ring, the commutativity condition (p5|) holds. 

• 

Let Q*A be the smallest differential subalgebra of the algebra Q* which contains 
A. As an ^4-algebra, it is generated by the elements 5a, a G A, and consists of finite 
linear combinations of monomials of the form 

a = a 5ai ■ ■ ■ dak-, o-i G A. (51) 
The product of monomials (0) is defined by the rule 

(a 5ai) ■ (b 5bi) = a 6(aib ) ■ 5bi — a aiSb ■ 5b\. 
In particular, Q 1 A is a ^4-bimodule generated by elements 8a, a G A. Because of 

(8a)b = 5{ab) — a5b, 

the bimodule Q l A can also be seen as a left [right] ^4-module generated by the 
elements 5a, a G A. Note that 5(1) = 0. Accordingly, 

Q k A = Q 1 A---Q 1 A 

V v ' 

k 

are -4,-bimodules and, simultaneously, left [right] ^4-modules generated by monomials 
©• 

The differential subalgebra (Q*A, 5) is a differential calculus over A. It is called 
the universal differential calculus because of the following property [|TT|, |T2|, [CJ. 
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Let (Q'*,8') be another differential calculus over a unital /C-algebra A 1 , and let 
p : A — > A' be an algebra morphism. There exists a unique extension of this 
morphism to a morphism of graded differential algebras 

p k : Q k A -> 

such that p fc+1 o 5 = 5' o p k . 

Our interest to differential calculi over an algebra A is caused by the fact that, 
in commutative geometry, Definition |9] of a connection on an ^4-module requires the 
module D 1 (p0|). If A = C°°(X), this module is the module of 1-forms on X. To 
introduce connections in noncommutative geometry, one therefore should construct 
the noncommutative version of the module O l . We may follow the construction of 
D 1 in Section 3, but not take the quotient by modp 2 that implies the commutativity 
condition fl25D . 

Remark 3. This is the crucial poin that does not enable us to generalize the notion 
of jets of modules to modules over a noncommutative ring unless the very particular 
case when dA belongs to the centre of the module Q 1 . • 

Given a unital /C-algebra A, let us consider the tensor product A® A of K- 

K 

modules and the /C-module morphism 
u l : A®A3 a®b^ ab e A. 

Following (p0|), we define the /C-module 

D 1 [A] = Kerp 1 . (52) 
There is the /C-module morphism 

d : A3 a ^ (1 ® a — a ® 1 )eO[A] (53) 

(cf. (H). Moreover, D [A] is a ^4-bimodule generated by the elements da, a G A, 
with the multiplication law 

b(da)c = b (g) ac — ba <E> c, a, b, c e A. 

The morphism d (|)3|) possesses the property 

d(ab) = (l®ab-ab®l + a<g)b-a<g)b) = (da)b + adb (54) 
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(cf. (HID), i.e., d is a D [A] -valued derivation of A Due to this property, O [A] 
can be seen as a left Amodule generated by the elements da, a £ A. At the same 
time, if A is a commutative ring, the Abimodule D [A] does not coincide with the 
bimodule D 1 (|20| ) because £> [A] is not a central bimodule (see Remark |2[). 

To overcome this difficulty, let us consider the 2(A) of derivations of the algebra 
A. They obey the rule 

u(ab) = u(a)b + au(b) , Va, 6 G A. (55) 

It should be emphasized that the derivation rule ( [5"5] ) differs from that 

w(a&) = u(a)b + u(b)a 

for a general algebra [Q. By virtue of ([55]), derivations of an algebra A constitute 
a Z(^4)-bimodule, but not a left Amodule. 

The i?(A)-bimodule DA is also a Lie algebra over the commutative ring /C with 
respect to the Lie bracket 

[u, u'} = u o u' — u o n. (56) 
The centre Z(A) is stable under DA, i.e., 

u(a)b = bu(a), Va G 2(A), b G A, u G 0.4, 
and one has 

[it, au'] = u(a)v! + a[u, u'], \/aEZ(A), u,u G DA (57) 

If A is a unital *-algebra, the module dA of derivations of A is provided with the 
involution u i— > w* defined by 

w*(a) = (w(a*))*. 

Then the Lie bracket (|5T)| ) satisfies the reality condition [u, u']* = [u*,u'*\. 

Let us consider the Chevalley-Eilenberg cohomology (see of the Lie algebra 
dA with respect to its natural representation in A. The corresponding /c-cochain 
space D [A], k — 1, . . . , is the Abimodule of Z (^-multilinear antisymmetric map- 
pings of D A to A In particular, D 1 [A] is the Adual 

D 1 [A] = 0A (58) 
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of the derivation module T)A (cf. (p)D). Put D°[^4] = A. The Chevalley-Eilenberg 
coboundary operator 

d : D k [A] ^ D k+1 [A] 

is given by 

1 k 

(d(j))(u Q , ...,u k ) = — — ^(-1)^(000, • • • ,ui, ■ ■ -,u k )) + (59) 
K + 1 i=0 

T— T XI (-l) r+ XK,Ms],M0, • • • ,t£, • • • ,C ■ ■ ■ ,ttfc), 
ft 1 0<r<s<fc 

where u} means omission of up For instance, 

(da)(u) = u(a), a & A, (60) 
(tZ0)(«o,«i) = ^(«o(0(wi)) -«i(0(«o)) -0([«o,«i])), ^GD 1 ^]. (61) 

It is readily observed that <i 2 = 0, and we have the Chevalley-Eilenberg cochain 
complex of /C-modules 

^A ^O k [A] (62) 

Furthermore, the Z-graded space 

D*[A] = © D fc [A] (63) 

k=0 

is provided with the structure of a graded algebra with respect to the multiplication 
A combining the product of A with antisymmetrization in the arguments. Notice 
that, if A is not commutative, there is nothing like graded commutativity of forms, 
i.e., 

(-1)'^Va0 

in general. If A is a *-algebra, D* [.A] is also equipped with the involution 

(j)*(u u ... } u k ) d =((f)(ul } ... } ul))*. 

Thus, (D*[y4.],d) is a differential calculus over A, called the Chevalley-Eilenberg 
differential calculus. 

It is easy to see that, if A = C°°(X) is the commutative ring of smooth complex 
functions on a compact manifold X, the graded algebra D*[C°°(X)] is exactly the 
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complexified exterior algebra C (g) D*(X) of exterior forms on X. In this case, the 
coboundary operator ([59]) coincides with the exterior differential, and (^) is the 
De Rham complex of complex exterior forms on a manifold X. In particular, the 
operations 

(u\(j))(ui, . . . , = k(j){u,u ly . . . , Wfc-i), u G UA, 
L u (0) = + uJ/(0), 

are the noncommutative generalizations of the contraction and the Lie derivative of 
differential forms. These facts motivate one to think of elements of O 1 ^] as being 
a noncommutative generalization of differential 1-forms, though this generalization 
by no means is unique. 

Let D*[y4] be the smallest differential subalgebra of the algebra £2*[-4] which 
contains A. It is generated by the elements da, a G A, and consists of finite linear 
combinations of monomials of the form 

(f) = aodai A • • ■ A dak, o-i G A, 

(cf. (0)). In particular, D 1 ^] is a .A-bimodule (|52| ) generated by da, a G A. Since 
the centre Z(A) of A is stable under derivations of A, we have 

hda = (da)b, adb = (db)a, a £ A, b G 2(A), 
da A db = —db A da, Va G Z(A). 

Hence, O 1 ^] is a central bimodule in contrast with the bimodule JD^-A] (0). By 
virtue of the relation (|S0D , we have the isomorphism 

dA = D 1 [A]* (64) 

of the Z(A)-modu\e DA of derivations of A to the A-dual of the module O 1 ^] (cf. 
(|35l)). Combining the duality relations fl58|) and (|64|) gives the relation 

&[A] = D l [A}**. 

The differential subalgebra (£)*[^4],d) is a universal differential calculus over A. 
If A is a commutative ring, then D*[^4] is the De Rham complex (P§|). 
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6 Universal connections 



Let (p,*,8) be a differential calculus over a unital /C-algebra A and P a left [right] 
.4-module. Similarly to Definition one can construct the tensor product Q 1 <g> P 
[P <S> fi 1 ] and define a connection on P as follows || 13 . 



Definition 13. A noncommutative connection on a left .A-bimodule P with respect 
to the differential calculus (Tl*,5) is a /C-module morphism 

V : P -> ft 1 <g> P (65) 

which obeys the Leibniz rule 

V(ap) = <5a <g> p + aV(p). 

□ 

If f2* = Q*A is a universal differential calculus, the connection flB"5|) is called a 



universal connection |8|, [13| 



The curvature of the noncommutative connection ( p5|) is defined as the ^4-module 
morphism 

V 2 :P^Q 2 [A]®P 

\ T3\ . Note also that the morphism (|65| ) has a natural extension 

V : <8> P -> <g> P, 

V(a Op) = 5a®p + (-l) H a <g> V(p), a G f2*, 



113|,|16J. 

Similarly, a noncommutative connection on a right ^4-module is defined. How- 
ever, a connection on a left [right] module does not necessarily exist as it is illustrated 
by the following theorem. 

Theorem 14. A left [right] universal connection on a left [right] module P of finite 



rank exists if and only if P is projective [13, [L7fl. □ 



The problem arises when P is a ^4-bimodule. If A is a commutative ring, left 
and right module structures of an ^4-bimodule are equivalent, and one deals with 
either a left or right noncommutative connection on P (see Definition [|). If P is a 



19 



^4-bimodule over a noncommutative ring, left and right connections V L and V R on 
P should be considered simultaneously. However, the pair (V L , V^) by no means 
is a bimodule connection since V L (P) G fl l ® P, whereas V R (P) 6 P®ff. As a 
palliative, one assumes that there exists a bimodule isomorphism 

q : Q} <g>P -f POfi 1 . (66) 

Then a pair (V L , V R ) of right and left noncommutative connections on P is called 
a ^-compatible if 



e o V L = V 

13| , |16 , (see also Jl9| for a weaker condition). Nevertheless, this is not a true 



bimodule connection (see the condition (fZOf) below). 

Remark 4. If .4. is a commutative ring, the isomorphism g (^|) is naturally the 
permutation 

q : a (g> p i— > p (g) a, Va G H 1 , p G P. 

The above mentioned problem of a bimodule connection is not simplified radically 
even if P = Q 1 , together with the natural permutations 

<g> 0' ^ 0' <g> 0, 0,0' G^\ 

EM- 

Let now (D*[y4.],G?) be the universal differential calculus over a noncommutative 
/C-ring A. Let 

V L : P^D 1 [A]®P, (67) 
V L (ap) = da ® p + aV L (p). 

be a left universal connection on a left ^4- module P (cf. Definition |^). Due to the 
duality relation fl63), there is the K- module endomorphism 



V^:P3p^u\V L {p)eP (68) 

of P for any derivation u G D^4. If V R is a right universal connection on a right 
^4-module P, the similar endomorphism 

V R :P3p^ V L (p) G P (69) 
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takes place for any derivation u G dA. Let (V L , V R ) be a p-compatible pair of left 
and right universal connections on an .A-bimodule P. It seems natural to say that 
this pair is a bimodule universal connection on P if 

u\V L (p) = V R (p)[u (70) 

for all p G P and u G dA. Nevertheless, motivated by the endomorphisms (|68|) - 
(|69|), one can suggest another definition of connections on a bimodule, similar to 
Definition [0]. 



7 The Dubois-Violette connection 

Let A be /C-ring and P an A-module of type (i, j) in accordance with the notation 
in Section 2. 

Definition 15. By analogy with Definition [II], a Dubois-Violette connection on 
an v4-module P of type is a Z(^4)-bimodule morphism 

V : dA 3 u i-> V u G Horn K (P,P) (71) 

of dA to the 2(^4)-bimodule of endomorphisms of the /C-module P which obey the 
Leibniz rule 

V u (a i pa j ) = u{ai)paj + aiV u {p)aj + aipu(aj), Vp G P, Wa k G A k , (72) 

Tan. □ 



By virtue of the duality relation (|63]) and the expressions flB8| ) - (p5|), every left 
[right] universal connection yields a connection ( |7T] ) on a left [right] .A-module P. 
From now on, by a connection in noncommutative geometry is meant a Dubois- 
Violette connection in accordance with Definition fll5|). 

A glance at the expression (|72|) shows that, if connections on an A-module P of 
type exist, they constitute an affine space modelled over the linear space of 
2(^4)-bimodule morphisms 

a : dA 3 u i-> a u G Horn Ai _ A . (P, P) 

of dA to the 2(^4)-bimodule of endomorphisms 

a u (aipaj) = ai<j(p)aj, Vp G P, Va fe G A k , 
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of the A-module P. 



Example 5. If P = A, the morphisms 

V u (a) = u(a), Wu G DA, Va G A, (73) 

define a canonical connection on A in accordance with Definition [TBI. Then the 
Leibniz rule ( |72|) shows that any connection on a central ^4-bimodule P is also a 
connection on P seen as a Z(^4)-bimodule. • 



Example 6. If P is a ^4-bimodule and A has only inner derivations 

ad 6(a) = ba — ab, 
the morphisms 

V ad6 (p) = 6p - p6, V6 G A Vp G P, (74) 
define a canonical connection on P. • 

By the curvature i? of a connection V (|7T|) on an A-module P is meant the 
2(^4)-module morphism 

R:dAxdA3 (u, v!) -> P uX G Hom Ai _ Aj (P, P), (75) 
P«,«'(P) = Vtt(V„'(p)) - V tt '(V„(p)) - V M (p), p G P, 

||. We have 

Rau,a'u' = a>aRu,u') a j a ' £ 2(A), 

R u ,u'(aiPbj) = aiR u y(p)bj, a t G A,-, G A,-. 

For instance, the curvature of the connections ( fr"3f) and (|74l) vanishes. 
Let us provide some standard operations with the connections (|7T|). 

(i) Given two modules P and P' of the same type (i,j) and connections V and 
V' on them, there is an obvious connection V © V on P © P'. 

(ii) Let P be a module of type (i,j) and P* its A-dual. For any connection V 
on P, there is a unique dual connection V' on P* such that 

u((p,p')) = (V u (p),p') + (p,V(p')), pGP, p'EP*, uedA. 
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(iii) Let Pi and P 2 be A-modules of types (i, k) and (k,j), respectively, and let 
V 1 and V 2 be connections on these modules. For any u G dA, let us consider the 
endomorphism 

(V 1 ® V 2 )„ = Vi ® Id Pi + Id P 2 ® V 2 (76) 

of the tensor product Pi (g>P 2 of JC- modules Pi and P 2 . This endomorphism preserves 
the subset of Pi ® P 2 generated by elements 

P\a®p 2 - pi <g> ap 2 , 

with pi G Pi, p 2 G P 2 and a G A fc . Due to this fact, the endomorphisms ( |76"D define 
a connection on the tensor product Pi (g> P 2 of modules Pi and P 2 . 

(iv) If A is a unital *-algebra, we have only modules of type (1, 1) and (0, 0), i.e., 
*-modules and Z(^4)-bimodules. Let P be a module of one of these types. If V is a 
connection on P, there exists a conjugate connection V* on P given by the relation 

v;(p) = (v w .(p*)r. (77) 

A connection V on P is said to be real if V = V*. 

Let now P = D [A]. A connection on ^4-bimodule D 1 ^] is called a linear con- 
nection j|, [18| . Note that this is not the term for an arbitrary left [right] connection 
on O 1 ^] [HJ. If O 1 ^] is a *-module, a linear connection on it is assumed to be 
real. Given a linear connection V on O [A], there is a ^.-bimodule homomorphism, 
called the torsion of the connection V, 

T : O l [A] ^ D 2 [A), 

(T<j>)(u,u') = (tty) («,«') - V u (0)(u') + V u /(0)(«), (78) 
for all u,u' E 



8 Matrix geometry 

This Section gives a standard example of linear connections in matrix geometry 
when A = M n is the algebra of complex (n x n) -matrices [^, [H], |22 



Let 1 < r < n 2 — 1, be an anti-Hermitiam basis of the Lie algebra su(n). El- 
ements e r generate M n as an algebra, while u r = ad e r constitute a basis of the right 
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Lie algebra dM n of derivations of the algebra M n , together with the commutation 
relations 

[lt r .,1tg] C r qU s , 

where c s rq are structure constants of the Lie algebra su(n). Since the centre Z(M n ) 
of M n consists of matrices Al, DM n is a complex free module of rank n 2 — 1. 

Let us consider the universal differential calculus (0*[M n ],d) over the algebra 
M n , where d is the Chevalley-Eilenberg coboundary operator floT^. There is a 
convenient system {9 r } of generators of D^MJ seen as a left M n -module. They are 
given by the relations 

e r ( Uq ) = 6 r q i. 

Hence, O l [M n ] is a free left M n - module of rank n 2 — 1. It is readily observed that 
elements 9 r belong to the centre of the M n -bimodule D^Mjj], i.e., 

a 6 r = 9 r a, Va e M n . (79) 

It also follows that 

e r a e q = -e q a e r . (so) 

The morphism d : M n — D x [M n ] is given by the formula (^). It reads 



that is 



# = --4/Af. (82) 



The formula (^) leads to the Maurer-Cartan equations 

1 

2 

If we define 9 = e r 9 r , the equality flSIj ) can be rewritten as 

da = a6 — 9a, Va e M n . 

It follows that the M n -bimodule D 1 [M„] is generated by the element 9. Since dM n 
is a finite free module, one can show that the M n -bimodule D [M n ] is isomorphic 
to the M„-dual D 1 [M n \ of dM n . 
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Turn now to connections on the M n -bimodule D 1 [M n ]. Such a connection V is 
given by the relations 

V u =C r U r »-" Vf] 

V r (9 p ) = uv q 9«, u p q G M n . (83) 

Bearing in mind the equalities (f79| ) - flSOl), we obtain from the Leibniz rule (|72|) that 

aV r (9 p ) = V r (6 p )a, Va G M n . 

It follows that elements ui p in the expression (p3|) are proportional 1 G M n , i.e., 
complex numbers. Then the relations 

v r {e p )=uo p q e\ <ec, (84) 

define a linear connection on the M n -bimodule D 1 [M n ]. 
Let us consider two examples of linear connections. 

(i) Since all derivations of the algebra M n are inner, we have the curvature-free 
connection (|74]) given by the relations 



V r {6 P ) = 0. 

However, this connection is not torsion-free. The expressions (f78|) and (|82|) result in 

(T^)(u r ,n 9 ) = -c^. 

(ii) One can show that, in matrix geometry, there is a unique torsion-free linear 
connection 

V r (6 P ) = -C* 0*. 

9 Connes' differential calculus 



Connes' differential calculus is based on the notion of a spectral triple || [13|, ^3|, ^4 



Definition 16. A spectral triple (A,H,D) is given by a *-algebra ^4 C B(H) of 
bounded operators on a Hilbert space 7-^, together with an (unbounded) self-adjoint 
operator D = D* on 7i with the following properties: 

• the resolvent (D — A) -1 , A 7^ R, is a compact operator on 7i, 
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• [D,A] e Bin). 

□ 

The couple (A, D) is also called a i^-cycle over A. In many cases, Ti is a Z2- 
graded Hilbert space equipped with a projector T such that 

ri) + DT = 0, [a, T] =0, Va G .A, 

i.e., A. acts on Ti by even operators, while D is an odd operator. 

Given a spectral triple (A, Ti, D), let (ft* A, 5) be a universal differential calculus 
over the algebra A. Let us construct a representation of the graded differential 
algebra Q*A by bounded operators on Ti when the Chevalley-Eilenberg derivation 
5 (]59D of A. is replaced with the bracket [D,a], a E A: 

7r(a 5ai • • • <5a fc ) d =a [-D,ai] • ■ ■ [A a k ]. (85) 

Since 

[£), a]* = —[D, a*], 

we have rr(<f))* = 7r(0*), G At the same time, 71 (jS5|) fails to be a represen- 

tation of the graded differential algebra f2*A because 7r(0) = does not imply that 
7r(50) = 0. Therefore, one should construct the corresponding quotient in order to 
obtain a graded differential algebra of operators on Ti. 
Let Jo be the graded two-sided ideal of fl*A where 

J fc = {0 G Q k A : vr(0) = 0}. 

Then it is readily observed that J = Jo + 5 Jo is a graded differential two-sided ideal 
of Q*A. By Connes' differential calculus is meant the pair (Q* D A, d) such that 

n* D A = n*A/j, 
d[<f>] = M, 

where [0] denotes the class of G Q*A in Q* D A. It is a differential calculus over 
Q° D A = A. Its fc-cochain submodule Vt* D A consists of the classes of operators 

^24[D,4]---[D,4\, a\EA, 

j 
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modulo the submodule of operators 

{y:[dx][dA]---[d,k-i] ■ E 6 S[A6a--[A«i.i]=o}. 

3 3 

Let now P be a right finite projective module over the *-algebra A. We aim to 
study a right connection on P with respect to Connes' differential calculus (VL* D A, d). 
As was mentioned above in Theorem [14, a right finite projective module has a 
connection. Let us construct this connection in an explicit form. 

Given a generic right finite projective module P over a complex ring A, let 

p : ® c A -> P, 

z P : P^C^®^, 

c 

be the corresponding projection and injection, where <8> denotes the tensor product 

c 

over C. There is the chain of morphisms 

P ^C N ®A 1 ^C N ®tt 1 A -^P®OU, (86) 
where the canonical module isomorphism 

c w ® nU = (c* ® .A) ® fiU 

c c 

is used. It is readily observed that the composition denoted briefly as p o 5 is 
a right universal connection on the module P. 

Given the universal connection p o 5 on a right finite projective module P over 
a *-algebra A, let us consider the morphism 

It is readily observed that this is a right connection Vo on the module P with respect 
to Connes' differential calculus. Any other right connection V on on P with respect 
to Connes' differential calculus takes the form 

V = Vo + (T=(Id<g>7r)opo<5 + cr (87) 
where a is an A module morphism 
a :P ^P® n l D A. 

A components a of the connection V ( |57D is called a noncommutative gauge field. 
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